A numerical procedure for the determination of equivalent grid block permeability tensors for heterogeneous porous media is presented. The method entails solution of the fine scale pressure equation subject to periodic boundary conditions to yield, upon appropriate averaging of the fine scale velocity field, the coarse scale or equivalent grid block permeability. When the region over which this coarse scale permeability is computed constitutes a representative elementary volume (REV), the resulting equivalent permeability may be interpreted as the effective permeability of the region. Solution of the pressure equation on the fine scale is accomplished through the application of an accurate triangle-based finite element numerical procedure, which allows for the modeling of geometrically complex features. The specification of periodic boundary conditions is shown to yield symmetric, positive definite equivalent permeability tensors in all cases. The method is verified through application to a periodic model problem and is then applied to the scale up of areal and cross sections with fractally generated permeability fields. The applicability and limitations of the method for these more general heterogeneity fields are discussed.
INTRODUCTION
It is well established that fine scale heterogeneities exist in subsurface formations, and methods to approximate in detail the spatial distribution and variability of rock properties such as porosity and permeability are continually being developed and improved. It is not yet known, howeyer, how best to incorporate this fine scale data into large scale flow simulation models. Specifically, averaging techniques are needed to scale up the fine scale permeabilities to the larger scales appropriate for flow simulation and engineering calculations.
If the scale over which this "averaged" permeability is defined is large relative to the scale of heterogeneity within the porous medium, then the large scale permeability is referred to as an effective permeability. This effective permeability is a property of the medium and does not vary with the flow conditions to which the medium is subjected. If the larger scale does not encompass all the scales of variation of the permeability field, by contrast, then the "averaged" permeability is referred to as an equivalent permeability. If the region for which the equivalent permeability is computed is chosen to coincide with a simulation grid block, then this permeability is the appropriate "equivalent grid block permeability" for use in a flow simulation. Unlike effective permeability, equivalent permeability is not a constant property of the medium. Rather, some variation in the equivalent permeability under different flow conditions is typically expected.
The purpose of this paper is to present a numerical procedure for computing the effective or equivalent permeability of a region of a formation given the fine scale permeability distribution within the region. The determination of the effective or equivalent permeability of heterogeneous rock regions is important in flow simulations because 700 DURLOFSKY: CAI. CULATION OF EQUIVALENT GRID BLOCK PERMEABILITY Blent permeability have recently been made. It is well recognized that the boundary conditions imposed on the fine scale problem, which must be solved to determine effective permeability on the coarse scale, can significantly influence the coarse scale permeability results. Because the precise flow field to which a region of the medium will be subjected is not in general known a priori, the appropriate boundary conditions to be imposed on the fine scale problem cannot be specified uniquely. Thus, attempts have been made to specify these boundary conditions as generally as possible, in the hope that the resulting effective or equivalent permeabilities will predict flow phenomena in near agreement with those which would be predicted from a fine scale simulation under a variety of different conditions. White and Horne [ 1987] presented a numerical technique for the determination of equivalent permeability tensors that entails the use of several different sets of boundary conditions and the subsequent averaging of the coarse scale permeability results. This method is, however, limited in that the resulting (averaged) equivalent permeability is not in general a symmetric tensor (the requirement that permeability be a symmetric tensor will be discussed in section 2). Further, because their technique is based on a finite difference method, it is not sufficiently general to treat geometrically complex cross-bedding. Bourgeat [1984] applied homogenization theory to the determination of effective permeability and effective relative permeability. This approach is strictly applicable only for periodic systems, though, within this framework, it provides a means to compute effective permeability for complex systems in a consistent manner, always yielding a symmetric effective permeability tensor. Though it is a powerful method for the determination of effective permeability, this method has, to date, only been applied to extremely simple periodic heterogeneity fields. Its applicability to more genera[ heterogeneity fields has not been assessed, even empirically. Bourgeat's theoretical approach has recently been extended by Saez et al. [1989] and Mei and Auriault [1989] . In a related effort, Kitanidis [1990] 
applied generalized
Taylor dispersion theory to the calculation of effective permeability. This approach yields equations identical to those that result from the homogenization methodology.
The mathematically analogous problem of the determination of the effective therm',d conductivity of a heterogeneous material has been treated by a variety of investigators. Periodic, two-dimensional systems were studied by, among others, Sangani and Yao [1988] and Durand and Ungar [1988] . These formulations are applicable to the determination of effective permeability of heterogeneous media, though neither of the numerical solution procedures is applicable to the heterogeneous systems we wish to consider.
Our intent here is to develop and implement a numerical method for the determination of the effective or equivalent permeability of heterogeneous porous media. The method entails solution of the fine scale pressure equation subject to periodic boundary conditions and will be seen to overcome some of the limitations of previous methods in that it (1) is able to model complex geometries, such as those typical of cross-bedded strata and (2) handles boundary conditions consistently, always yielding symmetric effective permeabilities. Toward this goal, the paper proceeds as follows. In section 2, the problem to be solved for the determination of effective permeability is formulated via a two-scale approach, similar to that described by Saez et al. [1989] . Some discussion of the applicability of the approach to more general heterogeneity fields is also presented. The finite element numerical solution procedure is then described in some detail. Examples verifying the method and demonstrating its advantages over more simplistic approaches are presented in section 3. Then, the applicability of the method to the scale up of more general systems, fractally generated areal and cross sections, will be assessed. Further discussion of the advantages and limitations of the method constitutes section 4.
CALCULATION OF EFFECTIVE PERMEABILITY
The general numerical procedure for computing the effective or equivalent grid block permeability of a heterogeneous region of a porous medium is described in this section. The method is based on a two-scale approach and is therefore rigorously applicable only to some cases; e.g., periodic or nearly periodic systems or regions in which the scale of heterogeneity is small compared to the scale over which the effective permeability is computed. However, for reasons discussed in section 2.2, it can be expected to be somewhat applicable to more ge•ral systems, as is in fact verified in section 3. The development in this paper is for a twodimensional system. Extension to the three-dimensional case will be discussed below.
Governing Equations and the Two-Scale Approach
Single-phase, incompressible flow through a heterogeneous porous medium, in the absence of sources and sinks, is described by Darcy's law and continuity:
where u is the local fluid velocity vector, p the local pressure (pressure can be modified in the usual way to include gravitational potential), tx the fluid viscosity and k the local permeability tensor. In two dimensions, in the x-z coordinate system, k is represented as k= kkzx kz .
Certain properties can be ascribed to k. From a macroscopic point of view [Bear, 1972] and Kitanidis [1990] 
where the y subscript on the gradient operator indicates operation on the y (unit cell) scale, and then compute the velocity (u) (defined explicitly below) through the cell. The boundary conditions for (9) are derived from the periodicity of the system and the imposition of the pressure gradient G. These specifications require that both the pressure field and the local flux, or equivalently the local velocity field, be themselves periodic over the unit cell. However, because a pressure gradient is imposed on the system, the pressure field undergoes a jump 'from one boundary to the corresponding boundary of magnitude ]n ß G[!, where n is the outward pointing normal at either of the boundaries and l is the distance separating the two boundaries. The boundary conditions can be specified explicitly with reference to Figure 2 . The unit cell is here a square of side length 1. We resolve G into its two components in the y coordinate system; G = G•il + G2i2, where il and i 2 are the unit coordinate directions. To compute the full effective permeability tensor, two problems must be solved. In the first, we take G2 --0. Now boundary specifications are as Note that, due to the periodicity, the first integral could also be evaluated along OD 4 and the second along OD 2 (after a change in sign), with identical results. Writing out the two components of (8) gives explicit expressions for k* in terms of (u l) and (u 2), as follows: We have now completed the specification of the boundary value problem to be solved for the determination of k*.
Though the resulting equations are of a different form, this formulation is analogous to that resulting from the application of homogenization theory. In the homogenization approaches, the equations which must be solved are similar to (9) subject to (10). However, instead of specifying a jump in the pressurelike variable (referred to as S by Mei and Auriault [1989] ) from one boundary to another, the equation is driven by a source term of the form V. k. Strict periodicity (no jump) is imposed on the S field. The effective permeability is then computed by an appropriate volume average, over the y scale, of the velocity field, in a procedure analogous to that specified by (11).
The development above is strictly valid only for media for which two distinct length scales of heterogeneity exist or in more generally heterogeneous porous media when the scale over which the effective permeability is computed is large relative to the correlation scale of heterogeneity within the porous medium (i.e., the effective permeability is computed for a representative elementary volume or REV). Some natural porous media do in fact approximate two-scale behavior. Examples include many cross-bedded systems, which contain nearly regular, though geometrically complex, layerings. For the more general case of a porous medium for which neither of the two criteria above is satisfied, however, the boundary conditions that must be imposed on the fine scale problem to determine the equivalent grid block permeability of the region can no longer be specified unambiguously, as they result from the local flow field, which is not generally known a priori. However, these boundary conditions must still be formulated so as to assure the symmetry and positive definiteness of the resulting equivalent grid block permeability tensors. These two properties are essential if the resulting equivalent permeability tensor is to have any physical meaning. Only if the permeability is everywhere symmetric are its eigenvalues (i.e., principal values) guaranteed to be real; otherwise complex principal values can result. Positive definiteness of the equivalent grid block permeability tensor assures that energy is always dissipated during flow; violation of this can yield flow "up" a pressure gradient.
Boundary conditions on the fine scale problem must, therefore, be specified in a manner that maintains the symmetry and positive definiteness of k* (equivalent permeability is also designated as k*). It is also desirable to specify these boundary conditions in as general a way as possible. To accomplish this, consider the pressure and flow fields in a heterogeneous porous medium, away from boundaries and away from sources or sinks. The local pressure field, on the coarse scale, may often be reasonably approximated as linear over the region in question. In such cases, the boundary conditions for pressure specified in (10) will approximate the local behavior of the pressure field. The periodicity of flux specified in (10) can no longer be expected to hold exactly. To compute k* consistently, however, we still must require that the total fluxes through opposite boundaries of the region be equal and opposite. Otherwise, calculation of k* becomes ambiguous. It is not sufficient mathematically, however, to simply specify that the total fluxes through opposite boundaries be equal and opposite; rather, flux relationships at each point must be specified. In the absence of any a priori knowledge of the global flow field, specification of periodicity of fluxes is a reasonable means to accomplish this. We note that the use of periodic boundary conditions is common for a variety of problems involving effective media calculations and flow simulations even when the system is not strictly periodic. For an example of the use of periodic boundary conditions in an application involving flow through porous media, see Durlofst,3• and Brady [ 1987] .
From the above discussion, the use of periodic boundary conditions in the calculation of equivalent grid block permeabilities appears reasonable in some cases. This boundary specification cannot be expected to be completely general, however, as the equivalent grid block permeability is not an intrinsic property of the medium. It may lead to an inaccurate description of the large scale flow in regions where the pressure field varies especially rapidly (e.g., in regions with high heterogeneity relative to neighboring regions). Nevertheless, the specification of periodicity avoids the need to specify a particular pressure field (or a sequence of particular pressure fields), assures the symmetry and positive definiteness of the resulting equivalent permeability tensor and yields the correct effective permeability tensor in cases when (1) two distinct scales of heterogeneity exist or (2) the region for which k* is computed is a valid REV. The applicability and limitations of these boundary conditions for the calculation of equivalent permeability will be further discussed in section 4.
We now turn to a discussion of the numerical procedure used to solve the pressure equation over the unit cell (9) subject to boundary conditions (10).
Numerical Solution Procedure
A variety of numerical procedures could be used to solve the pressure equation (9) subject to periodic boundary conditions (10). However, because we are interested in systems that can involve complex cross-bedding, it is essential that the numerical method be capable of resolving complex geometry. This suggests the use of a finite element method. Equations (9) and (10) indicate that the determination of k* involves integration of fluxes through the boundaries of the unit cell. Thus, accurate fluxes are required. Mixed finite element methods are, therefore, well suited for this problem, as they (1) allow for quite general geometries and (2) provide fluxes to a higher degree of accuracy than standard finite element methods. Another family of finite element methods, so-called "nonconforming" finite elements, are also applicable to this problem. This is because these methods yield, under some circumstances, fluxes identical to those of the mixed finite element method (this point will be discussed in more detail below). In addition, the nonconforming finite element method used in this study is more computationally efficient than the analogous mixed method because the mixed method requires more unknowns and results in a set of linear equations that is less amenable to iterative solution techniques than in the equation set resulting from the nonconforming finite element discretization. Because they assure continuous fluxes between adjacent elements, both the mixed and nonconforming finite element methods can easily handle highly discontinuous permeability fields, which can cause problems for standard finite element procedures. Both of these methods were applied to the solution of (9) subject to (10). However, because the formulation based on nonconforming finite elements is more straightforward and appears superior, only its application to the problem at hand is described in detail. For background on both mixed and nonconforming finite element methods, see Thomasset [198•1.
In the nonconforming finite element method, the starting point for the numerical procedure is the pressure equation 
where again a and b indicate edges on opposite boundaries.
By writing the Vp terms out via the expansion (13), (18) can be written in terms of Ti-
The equation set to be solved is defined by (16) (applicable for edge midpoints not lying on OD) and by (17) and (18) for boundary edges. Upon specification of a value for pressure at one point in the domain, the equation set can be solved, fluxes can be evaluated through differentiation of (13) and effective permeability can be computed as described in section 2.2. The equation set is of a form that is very similar to that of standard (conforming) finite element methods. The matrix is sparse and is banded for regular discretizations. Additional couplings due to the periodic boundary conditions, which relate terms on opposite boundaries, complicate the structure and render the matrix nonsymmetric. Solution can be accomplished through either direct or iterative techniques. The iterative method used for solution here is a GMRES (generalized minimal residual) solution technique [Saad and Schultz, 1986 ] with a diagonal scaling preconditioner. Other preconditioners and/or solvers were not tried, though it is possible that faster convergence could be achieved with a different iterative method. Extension of the approach described in this section to three-dimensional systems is reasonably straightforward conceptually. The governing equations developed in sections 2.1 and 2.2 generalize immediately. The numerical approach used in three dimensions would be analogous to that described here. Three-dimensional space could be discretized quite generally via tetrahedra; the nonconforming finite element basis functions for tetrahedral elements are analogous to those for triangles in two dimensions. Solution
NUMERICAL RESULTS
In this section we present results for the calculation of the effective and equivalent permeabilities of heterogeneous regions. The first example, a model problem, serves to demonstrate the advantages of the method compared to more simplistic approaches. The next examples involve calculations for fractally generated areal and cross sections.
Model Problem
The example presented in this section is a verification of the method for a model problem that can be solved analytically. Though this example is quite simple, the geometry is somewhat representative of some cross-bedded systems. At the same time, the results of an overly simplistic approach, which gives results in substantial disagreement with the analytical solution, are presented and discussed. We first consider this simplified approach, and then define the example problem and present numerical results.
The most simple numerical procedure for the determination of effective or equivalent permeability, which has been and continues to be used, involves the solution of the pressure equation (9) 
This result is recovered numerically by both the solution of (9) subject to (10) (periodic boundary conditions) and by solution of (9) subject to (19) (pressure-flux boundary conditions). The unit cell for these calculations, designated by the dashed box, is shown in Figure 3 .
We now rotate the layered system relative to the coordi- 
This result is recovered exactly through solution of (9) subject to (10) Thus, it is apparent that the pressure-flux boundary condition approach can give incorrect values for the diagonal terms as well as for the cross terms in some cases. The error arises through the tacit assumption that the coordinate directions coincide with the principal directions of the effective permeability tensor. When this is indeed the case, k* computed through use of pressure-flux boundary conditions will agree with that computed through the more general periodic boundary condition approach. Unfortunately, it is not in general known a priori when this is the case. Periodic boundary conditions, by contrast, are less restrictive, and do not require knowledge of the principal directions of k* to yield correct results.
Fractally Generated Areal and Cross Sections
In the example considered in section 3.1, the system was periodic and k* therefore displayed no variation in x. For such systems, the concept of effective permeability is applicable and the scale up procedure presented in this paper is 
DISCUSSION
Effective permeability provides a valid description of large scale flow through heterogeneous porous media when the region for which the effective permeability is computed is large relative to the scale of heterogeneity. In such cases, the general numerical method presented in section 2 provides a means to accurately compute this effective permeability. For more general heterogeneities, equivalent grid block permeabilities, which are not unvarying properties of the medium but rather are process dependent, at least to some extent, are required for scale up. Equivalent grid block permeabilities computed through application of the method described here can still provide reasonable large scale pressure and flow results in many cases.
The examples presented in section 3 demonstrate the applicability and limitations of the method for the calculation of equivalent grid block permeabilities. From these examples, as well as from the discussion in section 2.2, the scale up procedure based on solution of (9) subject to (10) can be expected to yield accurate large scale results for cases where the permeability variation in the region under study is not excessive relative to its variation in neighboring regions. When this variation is excessive, some inaccuracy may occur. The application of the boundary conditions described in (!0) to generally heterogeneous systems for the calculation of equivalent grid block permeability was based on the assumption that the pressure variation was locally approxi- 
